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Since it was first proposed, the direct quadrature method of moments (DQMOM) has
been employed for the solution of population balance equations in a wide range of appli-
cations. One of its most interesting features is that it can be easily employed for the solu-
tion of multivariate population balances, which are often necessary to obtain complete
information on the particle population under study. In addition, DQMOM can be easily
implemented in computational fluid dynamic (CFD) codes, and requires low computa-
tional costs. A bivariate formulation of the population balance equation that is particu-
larly suited for modeling nanoparticles formation in flames is presented. The use of
DQMOM for the solution of bivariate population balances is explored in detail, and the
method is validated by comparison with simulations carried out with a code based on
Monte Carlo methods (MCM). Particular attention is devoted to the choice of the
moments to be tracked in DQMOM, in order to obtain a stable algorithm and reliable
and accurate results. Eventually the method is implemented in a commercial CFD code,
and a real application is studied: soot nanoparticles formation in turbulent combustion
processes. � 2007 American Institute of Chemical Engineers AIChE J, 53: 918–931, 2007

Keywords: population balance equation, moments method, Monte Carlo, aggregation,
sintering

Introduction

Detailed mathematical modeling of particulate systems has
recently attracted the growing interest of the scientific and
engineering communities for its several applications, for
example, simulation of soot nanoparticles formation in com-
bustion processes, assessment of their evolution in the envi-
ronment, and their effects on climate change and optimiza-
tion of flame aerosol synthesis for industrial production of
catalyst and ceramic nanoparticles.

Combustion processes in general and diesel engines in par-
ticular are the major sources in developed countries of black
carbon aerosol, also known as soot, which is formed by incom-
plete oxidation of the species that constitute the fuel, with the
production of benzene molecules, which grow to give polycy-

clic aromatic hydrocarbons, considered key compounds in the

reactions involved in the first stages of the process.1 Research-

ers are particularly worried about the threat that it represents

for human health and about the effect that soot has on the abil-

ity of the snow to reflect the sunlight, resulting in climate

changes from the Arctic to the Alps. Mathematical models

able to describe the formation of soot in combustion processes

are profitably used for design, optimization and scale-up of

industrial low-emission combustors.2 Moreover, since mixing

plays a fundamental role also in soot transport in the environ-

ment, the same mathematical framework can be used to

describe and predict its geographical distribution, and, there-

fore, to characterize its influence on climate.3,4

The very same principles can be applied for modeling
flame aerosol synthesis. This process is used to produce on
the industrial scale nanoparticles with controlled characteris-
tics for several applications, such as materials for catalysis,
pigments and additives. The process consists of spraying a
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solution containing the precursor in a high-temperature flame.
Due to the high-temperature the solvent evaporates, and the
precursor precipitates forming nanosized nuclei that quickly
aggregate through Brownian aggregation. Temperature pro-
files and flame characteristics determine the condition of for-
mation (nucleation), and of evolution (molecular growth and
aggregation) of these particles, and the flame can be con-
trolled in order to produce particles with desired characteris-
tics. Again, a mathematical model can be used to describe
the phenomena involved,5 to better understand the experi-
mental results obtained,6,7 and to develop a consistent theory
for design and optimization.

A proper and accurate simulation of these processes must
take into account the evolution of the particulate phase, its
interactions with the surrounding fluid phase and the effect
of mixing. Very often these elements are deeply linked to-
gether so that all these phenomena must be described within
the same mathematical framework. This issue can be suc-
cessfully addressed by using computational fluid dynamics
(CFD), which was shown to be a very useful and accurate
modeling framework for the description of particulate sys-
tems, and for the description of turbulent flows in general.8,9

In order to describe the evolution of the disperse particu-
late phase, CFD must be coupled with a population balance
equation (PBE). The population balance model must be eas-
ily implementable in a CFD code, computationally affordable
and must describe accurately the particulate phase. Many nu-
merical approaches can be used to solve this equation, such
as classes methods (CM), Monte Carlo methods (MCM), and
method of moments (MOM), and for details one can see the
book by Ramkrishna.10 Classes methods are the most popu-
lar,11–13 whereas MCM are well known for their ease of
implementation. Both methods theoretically present no limi-
tation in the number of properties of the population that can
be tracked, however, in both cases dimensionality reduces ac-
curacy. In Monte Carlo approaches this is caused by the
insufficient sampling from the full set (that is, limited num-
ber of notional particles), while in classes methods this limi-
tation is caused by the poor accuracy associated to the lim-
ited number of classes.

The MOM was formulated in the 60s,14 and since then
mainly abandoned for the so-called closure problem.
Recently, the closure problem has been reviewed15 and a
new method known as quadrature method of moments
(QMOM) has been proposed,16 validated17–19 and applied for
studying a wide range of practical problems.20–25 The main
limitation of the classical QMOM is that it can treat only
PBE tracking one property of the population of particles,
such as particle mass, size, volume or area (that is, mono-
variate PBE). However, as it will become clearer later, in a
number of practical cases it is interesting to describe the pop-
ulation of particles with bivariate (or multivariate) PBE,
where two or more properties of the population are simulta-
neously tracked (for example, particle volume and particle
area). This is particularly interesting in the case of aggrega-
tion and breakage of fractal clusters, and for this reason
QMOM has been extended to bivariate problems.26–28

QMOM has been also formulated in different direct ways4,29

and the so-called direct quadrature method of moments
(DQMOM)30,31 seems to be a very interesting method for bi-
and multivariate PBE.

In this work we focus on the use of DQMOM for solving
bivariate PBEs, and we assess the accuracy of the method by
comparison with simulations carried out with MCM that, as
already stated, is an accurate computational tool for studying
multivariate populations. It is important to highlight that this
approach in a truly bivariate formulation has never been vali-
dated. In fact previous applications and validations were car-
ried out in pseudo bivariate cases, where the bivariate prob-
lem was handled using algebraic relationships between the
involved internal coordinates, as for example in the case of
particle size and velocity,30 resulting in actual monovariate
problems. Moreover, in its original formulation31 some im-
portant technical and numerical issues were only tagged, but
not completely understood and properly addressed.

In order to effectively address all these issues the valida-
tion in this work is carried out with a limited number of test
cases that are relevant for a specific application: the simula-
tion of nanoparticle formation and evolution. Our results
show that DQMOM is a stable and accurate method for
describing the evolution of a population of nanoparticles
undergoing molecular growth, Brownian aggregation, break-
age, and sintering/restructuring, and presents the great advan-
tage of being computationally affordable, and, therefore, can
be easily implemented in CFD codes. Eventually the method
is implemented in a commercial CFD code (Fluent 6.2), and
a real process is described: soot nanoparticles formation in
turbulent combustion.

Monovariate vs. bivariate particle description

In typical applications, the population of particles under
study can undergo several phenomena, such as nucleation,
molecular growth, sintering, restructuring, aggregation and
breakage. Nucleation is the formation of a small particle of
the solid phase within the continuous-fluid phase and pro-
duces a nucleus of specific size. Because of molecular
growth and aggregation nuclei can grow forming complex
clusters. These clusters or aggregates can be very sparse with
open and loose structures or more compact, almost as solid
spheres. The structure of aggregates is directly linked to the
controlling mechanism. In fact, very fast aggregation rates
usually cause the formation of sparse and loose aggregates,
whereas slow aggregation rates result in more compact
aggregates. Also subsequent mechanisms strongly influence
the aggregate structure, for example restructuring due to exter-
nal forces (for example, shear stresses) can make the cluster
more compact. Other continuous processes, such as molecular
growth, can have a strong effect too; in fact, if molecular
growth fills the empty spaces between primary particles the
resulting structure of the aggregate is strongly changed; this is
usually referred to as condensational obliteration.32

When all the particles have a well-defined shape which is
not changed during the evolution of the population, as in the
case of coalescence of drops or bubbles, or when the infor-
mation on particle morphology is not needed, the solution of
the monovariate population balance is suitable to describe
the system, which is fully characterized by one internal coor-
dinate (for example, volume or mass, characteristic diameter,
number of primary particles per aggregate).

On the contrary, when particle structure evolves in time,
as in the case of solid particle aggregation, breakage and
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restructuring, knowledge of particle mass or volume is not
sufficient to infer any further information on particle mor-
phology; in this case, a bivariate PBE must be solved, as at
least two particle properties need to be tracked independ-
ently. The second internal coordinate can be the fractal
dimension,33–35 or another property of the population, for
example, the actual surface area, or the radius of gyration. It
is important to highlight that this modeling choice is strongly
problem-dependent, and for different problems different addi-
tional properties should be used. Yet the DQMOM approach
is fully general, and is valid for any selection of coordinates.
As suggested by several authors the second independent
property could be the actual external surface area of the par-
ticle, A. In this case, when two particles collide the result-
ing surface is the summation of the surface areas of the two
original particles and, subsequently, because of sintering
or restructuring, the surface area of the particles can be
reduced.26

Number-density function and population-
balance equation

If particle volume V and particle area A are used as inde-
pendent population properties, we can introduce the number-
density function n(V,A;x,t) so that n(V,A;x,t)dVdAdx is the
number of particles contained in an infinitesimal volume dx
around the physical point x, at the instant t, with volume and
area in the range [V, V þ dV] and [A, A þ dA]. Volume and
area are labelled as internal coordinates to distinguish them
from the spatial coordinates, known as external coordinates.
It follows that the total number density (that is, total number
of particles per unit volume) is

Nðx; tÞ ¼
Z þ1

0

Z þ1

0

nðV;A; x; tÞdVdA: (1)

For the study of particle dynamics considered in this work,
the PBE is as follows (repeated indices imply summation)

qnðV;AÞ
qt

þ q
qxi

�
ui nðV;AÞ

�� q
qxi

G
qnðV;AÞ

qxi

� �

¼ � q
qV

�
V̇ nðV̇;AÞ�� q

qA

�
Ȧ nðV;AÞ�þ hðV;AÞ; ð2Þ

where the first term on the lefthand side of Eq. 2 is the accu-
mulation term, whereas the second one is convection in
physical space, namely the transport of particles due to their
velocity ui. The third term on the lefthand side is the diffu-
sion term, which represents transport due to diffusion proc-
esses, such as Brownian motion or turbulent fluctuations, and
G is the resulting diffusion coefficient. The terms on the left-
hand side account for time and spatial transport and when
Eq. 2 is solved with a commercial CFD code, these terms
are usually taken care of by the code itself. All the other
terms, that do not represent time and spatial transport, are
grouped together into one single term (that is, S(V,A)). The
first and second terms on the righthand side are due to con-
tinuous changes of particle volume and particle area; V̇ indi-
viduates the rate of change of particle volume due to contin-
uous processes, whereas Ȧ is the rate of change of particle
area due to continuous phenomena (for example, restructur-

ing and sintering). In the case of restructuring and sintering,
this term is usually written as35,36

Ȧ ¼ �gðA� AminÞ (3)

where g is the restructuring (or sintering) rate, whereas the
driving force is the difference between the area of the aggre-
gate and the minimum area. This latter quantity is the mini-
mum area physically allowed for the same aggregate in the
considered operating conditions.

The third term on the righthand side of Eq. 2 is due to dis-
crete events, such as nucleation, aggregation and breakage.
Let us analyze in detail aggregation and breakage, since
nucleation has been analyzed elsewhere.31 In the case of
pure aggregation the source term is as follows

hðV;AÞ ¼ 1

2

Z A

0

Z V

0

að ~V;V0; ~A;A0Þnð ~V; ~AÞ

� nðV0;A0Þ qð ~V; ~AÞ
qðV0;A0Þ
����

����dV0dA0 � nðV;AÞ

�
Z þ1

0

Z þ1

0

dVx0aðV;V0;A;A0ÞnðV0;A0ÞdV0dA0 ð4Þ

where the aggregation kernel a( ~V,V0, Ã,A0) measures the fre-
quency of successful collisions and consequent aggregation
of particles whereas the determinant of the Jacobian j qð ~V; ~AÞ

qðV0;A0Þ j
is needed for the variable transformation in the integral.10

In the case of aggregation of rigid particles, with particle
volume and particle surface area as internal coordinates, vol-
ume V is additive, as well as the actual surface area A:

V ¼ ~V þ V0; (5)

A ¼ ~Aþ A0; (6)

and it is easy to show that in this case the determinant of the

Jacobian is equal to one. The fact that during aggregation

both volume and area are additive implies that the area is the

real surface area (including the surface area of internal poros-

ity) of an aggregate composed by a number of primary par-
ticles connected by ideal contact points. If V̇ or Ȧ are null
the bivariate description is redundant. If V̇ or Ȧ are instead
non-null, the final particle volumes and surface areas will
result from the competition of aggregation, sintering (or
restructuring) and molecular growth, and the bivariate des-
cription is needed.26

Let us consider now the source term due to pure breakage

hðV;AÞ ¼
Z þ1

A

Z þ1

V

bðV0;A0ÞPðV;AjV0;A0ÞnðV0;A0ÞdV0dA0

� bðV;AÞnðV;AÞ; ð7Þ

where the breakage kernel b(V0, A0) is the frequency of frag-
mentation of a particle with (V0, A0), whereas P(V, A|V0, A0)
is the daughter-distribution function, namely the volume and
area distribution of daughter particles (V, A) formed by frag-
mentation of a mother particle (V0, A0). Typical kernels valid
for breakage of solid particles are the exponential kernel,37

and the power-law kernel;38 typical daughter-distribution func-
tions are those characterizing symmetric breakage (that is, rup-
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ture with formation of equal particles), and erosion (that is, re-
moval of a primary particle from a big aggregate). In the case
of symmetric breakage, the daughter-distribution function is

PðV;AjV0;A0Þ ¼ 2d V � V0�2� �
d A� A0�2� �

; (8)

assuming, for example, that both the volume and the area of
the daughter particles are half of the mother particle.

Solution of the population-balance equation

As already reported, the population balance equation can be
solved with different numerical approaches, which present
advantages and drawbacks. Let us consider with major detail the
direct quadrature method of moments (DQMOM), and the
Monte Carlo method (MCM) used in this work.

Direct Quadrature Method of Moments. This approach is
based on the solution of the population balance in terms of
the moments of the number-density function. For the bivari-
ate number density function introduced earlier the mixed
moment of order k and l with respect to volume and area is
as follows

mklðx; tÞ ¼
Z þ1

0

Z þ1

0

nðV;A; x; tÞVkAldVdA (9)

and it is clear that m00 is the total particle number density
(see Eq. 1), m10 is the total particle volume, and m01 is the
total particle area. From these mixed moments the average
particle volume can be obtained as the ratio of m10 and m00,
whereas the average particle area is the ratio of m01 and m00.
Also other mixed moments have particular physical meaning
and can be related to measurable quantities.39

McGraw showed that a convenient approach for overcom-
ing the closure problem is the use of a quadrature approxi-
mation of order N that corresponds to the approximation of
the number-density function as the summation of N delta
functions16,31

nðV;A; x; tÞ ¼
XN
a¼1

waðx; tÞd½V � Vaðx; tÞ�d½A� Aaðx; tÞ�;

(10)

where wa(x,t) are the weights, and where Va(x, t) and Aa(x,t)
are the abscissas or nodes of the quadrature approximation,
that can be calculated from the mixed moments of the distri-
bution

mklðx; tÞ ¼
Z þ1

0

Z þ1

0

nðV;A; x; tÞVkAldVdA �
XN
a¼1

waV
k
aV

l
a

(11)

using the product-difference (PD) algorithm40 for monovariate
PBE or resorting to its extension for bivariate PBE.26–28,41

When DQMOM is used the transport equations for weights
and abscissas are directly solved, forcing the quadrature
approximation to yield correct values of the selected set of
moments.31 One of the main advantages of this technique is
that accounting for more than one internal coordinate does not
increase significantly the complexity of the algorithm, that rep-

resents an important issue that did not find a convenient solu-
tion in alternative approaches. For example, in the bivariate
case, the method requires the solution of transport equations
for 3N scalars (that is, N weights and 2N abscissas)

qwa

qt
þ q
qxi

½ui wa� � q
qxi

G
qwa

qxi

� �
¼ aa

qðwaVaÞ
qt

þ q
qxi

�
uiðwaVaÞ

�� q
qxi

G
qðwaVaÞ

qxi

� �
¼ bVa

qðwaAaÞ
qt

þ q
qxi

�
ui ðwaAaÞ

�� q
qxi

G
qðwaAaÞ

qxi

� �
¼ bAa ð12Þ

where aa bVa and bAa are the 3N relative source terms (a ¼
1, . . . , N). A graphical representation of the bivariate quadra-
ture approximation on which the DQMOM is based is
depicted in Figure 1, where a bivariate number-density func-
tion and its DQMOM representation are compared.

The 3N source terms can be easily evaluated by solving
a linear algebraic system, obtained from the population
balance equation after the application of the quadrature
approximation and forcing the moments to be tracked
with high accuracy. In fact, if we substitute Eq. 10 into
Eq. 2, and rewrite the population balance in terms of the
moments of the distribution, we obtain the following
equation

XN
a¼1

�ð1� k � lÞVk
aA

l
aaa þ kVk�1

a Al
abVa

þ lVk
aA

l�1
a bAa� ¼ �Ckl þ �S

ðNÞ
kl : ð13Þ

If Eq. 13 is applied for 3N different moments a linear sys-
tem is obtained, where Skl

(N)(x, t) is the quadrature approxima-
tion with N nodes of the moment transform of the source term
of order k with respect to the first internal coordinate (V), and

Figure 1. Comparison between a bivariate number den-
sity function with respect to surface area and
volume, and its quadrature approximation
with three nodes (black peaks).
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of order l with respect to the second internal coordinate (A)

�S
ðNÞ
kl ðx; tÞ � �Sklðx; tÞ ¼

Z þ1

0

Z þ1

0

SðV;AÞVkAldVdA; (14)

and its functional form is reported for several cases in Eqs. 17–
22, whereas Ckl is a correction term which is needed due to the
finite-mode representation of the distribution, and is effective
only for moments of order two or higher. It is a function of the
gradients of the nodes, and is evaluated as follows

�Ckl ¼ G
XN
a¼1

wa kðk � 1ÞVk�2
a Al

a
qVa

qxi

qVa

qxi

�

þ 2klVk�1
a Al�1

a
qVa

qxi

qAa

qxi
þ lðl� 1ÞVk

aA
l�2
a

qAa

qxi

qAa

qxi

�
ð15Þ

If two nodes are employed (that is, N ¼ 2), then two weights w1

and w2 and four abscissas (V1, V2, A1 and A2) are tracked, and,
therefore, in order to solve their six transport equations, six
unknown source terms (a1, a2, bV1, bV2, bA1, bA2) must be cal-
culated. This can be done by solving the linear system of Eq.
13 generated by six different combinations of moment orders k
and l, or in other words by forcing the quadrature approxima-
tion to correctly evaluate for that specific instant the source
terms of the six moments of the distribution.

Of course, if three nodes (that is, N ¼ 3) are considered,
the values of three weights w1, w2 and w3, and of six abscis-
sas V1, V2, V3 and A1, A2, A3, for a total of nine unknown
source terms (a1, a2, a3, bV1, bV2, bV3, bA1, bA2,bA3) must be
determined. As a consequence, one needs to select nine
mixed moments of the distribution.

The linear system can be solved only if it is nonsingular, and
only if the vector on the righthand side is known. As already
reported the latter is constituted by the source terms of the
moments and the correction terms. The moment source terms
contain different contributions from the processes involved (that
is, nucleation, growth, sintering, aggregation and breakage).

In the case of aggregation of solid particles (that is, addi-
tive volume and surface area, and ideal contact points) the
source term due to aggregation becomes

�Skl ¼ 1

2

ZZZZ 1

0

h
ðV þ V0ÞkðAþ A0Þl � VkAl � V0kA0l

i

aðV;V0;A;A0ÞnðV;AÞnðV0;A0ÞdVdV0dAdA0; ð16Þ

and after applying the quadrature approximation

�S
ðNÞ
kl ¼ 1

2

XN
a¼1

XN
b¼1

h
ðVa þ VbÞkðAa þ AbÞl

� Vk
aA

l
b � Vk

aA
l
b

i
aabwawb: ð17Þ

In the case of pure breakage

�Skl ¼
Z

Vk

Z
Al

Z Z 1

0

bðV0;A0ÞPðV;AjV0;A0Þ

� nðV0;A0ÞdV0dA0dVdA�
Z

Vk

Z 1

0

AlbðV;AÞnðV;AÞdVdA
ð18Þ

and, after the application of the quadrature approximation

�S
ðNÞ
kl ¼

XN
a¼1

ð �Pkl
a � 1ÞbaVk

aA
l
awa; (19)

where ba ¼ b(Va, Aa), and where for the case of symmetric
breakage

�Pkl
a ¼

Z Z 1

0

PðV;AjVa;AaÞVkAldVdA ¼ 21�k�lVk
aA

l
a: (20)

When considering continuous changes with a bivariate
PBE, we can account for the drift term for each coordinate
independently. If we denote with V̇ðV;AÞ and ȦðV;AÞ the
rates of continuous change of volume and surface area,
respectively, the source term of the moments is

�Skl ¼
Z 1

0

q
qA

�
ȦðV;AÞnðV;AÞ�VkAldVdA

þ
Z 1

0

q
qV

�
V̇ðV;AÞnðV;AÞ�VkAldVdA; ð21Þ

and applying the quadrature approximation, results in

�S
ðNÞ
kl ¼

XN
a¼1

wa
�
kVk�1

a Al
aV̇a þ lVk

aA
l�1
a Ȧa

�
(22)

where, as before V̇a ¼ V̇ðVa;AaÞ and Ȧa ¼ ȦðVa;AaÞ.
The choice of the set of moments that generate the linear

system is nontrivial and affects both the accuracy and the
stability of the method. First, the tracked moments are pre-
dicted with high-accuracy, while one cannot be sure of the
accuracy of the other moments extrapolated from the quadra-
ture approximation. However, this issue is problem-depend-
ent, and, therefore, will be discussed in details for the practi-
cal cases tested in this work.

Second, the chosen set of moments affects the numerical

stability of the method, resulting in either well-conditioned

or ill-conditioned problems. The problem becomes ill-condi-

tioned when the linear system becomes nearly singular, and

generally this happens if two nodes of the quadrature approx-

imation approach each other at least for one of the internal

coordinates. In this case, the accuracy in the computation of

source terms for weights and abscissas can be dramatically

reduced, thus, leading to inaccuracy and to numerical insta-

bility. The more the linear system is kept far from singularity

during the computation, the more accurate is the prediction

of both tracked and nontracked moments, and the easier and

faster is the computation. Of course, as the number of nodes

increases, the probability of finding two nodes approaching

each other is higher. Therefore, the first conclusion that can

be drawn is that a large number of nodes should be avoided

if possible. Another factor affecting numerical stability is the

order of the mixed moments used to compute the source

terms for weights and abscissas. In general, the higher is the

order of the chosen moments, the stiffer is the solution of the

linear system. From this point of view one should avoid to

include higher-order moments that do not need to be known

with high-accuracy. With this respect, it is indeed interesting

the possibility of using fractional moments. Also this issue is
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problem-dependent, and must be discussed for each practical

case separately.
The last requirement that must be fulfilled is that the set of

moments leads to a nonsingular linear system. Differently from
previous cases this last issue depends only on the choice of the
moments, notwithstanding the particular problem under study.
This is due to the fact that since DQMOM uses a limited num-
ber of nodes, it is impossible to express all the mixed moments
independently. Due to the finite-mode representation, in fact,
some mixed moments are actually linear combination of other
moments, and, therefore, when chosen for the construction of
the linear system lead to a singular one.

For example, let us consider a bivariate distribution
described with a quadrature approximation with two nodes
(that is, six variables: two weights and two abscissas for
each internal coordinate). In order to solve Eq. 13 one needs
to choose six moments. In general the first three moments
(m00, m10, m01) will always be selected since they represent
important properties of the population (that is, total particle-
number density and total volume and area), and three more
moments must be selected. For example, a singular system is
obtained when the first six integer mixed moments (that is,
m00, m10, m01, m20, m11, m02) are chosen. In this case singu-
larity is caused by the linear dependency of the moments, in
fact using two nodes, m11 (that is, covariance) is a linear
combination of m02 and m20 (that is, pure variances), mean-
ing that two points in the particle volume/particle area-phase
plane will always be aligned! Similarly, it is possible to
show that choosing any tern of pure moments of a single in-
ternal coordinate (for example, m20, m30, m40) a singular lin-
ear system is obtained. However, any other combination of
pure moments of both the internal coordinates leads to non-
singular systems.

If three nodes are employed, and if the analysis is re-
stricted to the sets including the first five pure moments (that
is, m00, m10, m01, m20, m02), it appears that it is sufficient not
to include m11 to avoid singularity. In fact, in this case it is
possible to have the covariance (that is, m11) linearly inde-
pendent from the pure variances (that is, m02 and m20),
because in the particle volume/particle area phase plane three
points can also be not aligned. It is interesting to notice that
all the sets containing five of the first six moments lead to a
nonsingular system.

Monte Carlo Method. In MCM the evolution of the par-
ticulate system is simulated by considering a statistically sig-
nificant number of notional particles undergoing a large num-
ber of randomly selected events, each of them artificially
realizing a physical event involving real particles. Monte
Carlo simulations describe realistically and accurately the
behavior of the physical system, provided that the number of
particles considered is large enough to have statistical reli-
ability; moreover, they can provide very detailed information
on the population. Monte Carlo simulations are not usually
coupled with CFD computations, due to their large computa-
tional cost, but can be successfully employed to validate sim-
plified models. In the following we briefly describe the in-
house Monte Carlo code employed in this work for the vali-
dation of bivariate DQMOM.

The simulation framework operates on a closed system of
volume V, subdivided in Ns smaller well mixed volumes Vv,
called ‘‘reservoirs’’, each of them able to exchange particles

with the other ones. As suggested by Liffmann,42 the code
considers only a subvolume of each reservoir DVv ¼ aVv,
with a ,, 1 in order to deal with a reasonable number of
particles. The possible processes are aggregation between
two particles belonging to the same subvolume, breakage of
a particle, and escape of a particle from a subvolume toward
a different reservoir, because of convection and diffusion.
The frequency of each event can be computed from the
aggregation and breakage kernels, and from the average-resi-
dence time in reservoir v for the escape process. If we define
the total event frequency ftot as the sum of the frequencies of
all possible events, we can determine the time interval
between two events (Dt) by sampling from a random variable
with cumulative probability distribution given by

PrðDtÞ ¼ 1� eftotDt: (23)

When the time at which the new event occurs has been
determined, we have to choose the event among all the possible
ones. The selection of the event is governed by the inversion
method:43–45 the possible events are ordered, a random number
x is picked from a uniform distribution between 0 and 1, and
the event q, that satisfies the following relationship is selected

Xq�1

k¼1

Prk < x �
Xq
k¼1

Prk; (24)

where Prk ¼ fk/ftot is the probability of the generic event k. A
similar procedure is used, when a particle escapes, to select
the destination reservoir.

If the aggregation rate is much larger than breakage rate,
after some time the number of particles can be too small to
guarantee statistical reliability; when breakage is the domi-
nant process, on the other side, the number of particles can
become so large that the computation time can be no more
acceptable. To avoid these problems the total number of par-
ticles must remain nearly constant; this is obtained by dou-
bling the volume and the population if

Np < Np;min ¼ 3

4
Np;0 � 2Nv; (25)

and halving the volume and the population (by random deci-
mation) if

Np > Np;max ¼ 3

2
Np;0 þ 2Nv: (26)

In Eqs. 25 and 26, Np is the total number of particles, Np,0

is the initial number of particles, and the terms 62Nv are
introduced to avoid rapid halving-doubling sequences during
the simulation.

Test cases and numerical details

The performance of DQMOM has been investigated in dif-
ferent test cases and results have been validated by compari-
son with Monte Carlo simulations. For all the test cases,
DQMOM was implemented in MatLab1 6.5, whereas the
Monte Carlo method was implemented with an in-house
code in Fortran. Both DQMOM and Monte Carlo simulations
were run on an Intel1 XeonTM CPU 2.80 GHz, 1.00 GB
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RAM. The typical CPU time for a DQMOM simulation was
of the order of seconds up to some minutes, whereas for a
Monte Carlo simulation ranged from few hours to some
days, depending on the complexity of the simulation.

As it has been stated before, Monte Carlo predictions are
used here as a reference, and usually their accuracy for low-
order moments is very high when working with a reasonable
number of particles (that is, 103 – 104). More problematic is
the calculation of higher-order moments: in fact, if the number
of particles employed is not large enough to capture the tails
of the distribution higher-order moments can be seriously
underestimated. In order to verify the accuracy of the MCM,
results obtained with different numbers of particles were com-
pared. The analysis showed that for moments of order smaller
than four, no significant difference was detected when increas-
ing the number of particles from 104 to 105, whereas for
fourth-order moments the discrepancy was smaller than 5%,
and smaller than 10% for most of the fifth-order moments.
These results lead to the conclusion that the improvement that
could be obtained using a larger number of particles for the
Monte Carlo simulation (with a very large increase in the
computation time) would not significantly modify the conclu-
sions that can be drawn comparing DQMOM with the Monte
Carlo simulation with 105 particles.

The first case investigated is aggregation, breakage and sin-
tering/restructuring of rigid particles in a homogeneous system
without spatial gradients. Simulations were carried out consid-
ering Brownian aggregation with the following kernel

aab ¼ a0
V
1=3
a þ V

1=3
b

	 
2

V
1=3
a V

1=3
b

(27)

where a0 ¼ 10�2 m3/s, and a constant kernel with aab ¼ a0 ¼ 4

� 10�2 m3/s. Brownian and constant kernels were chosen here

as test cases, because these are the most widely used is the

description of nanoparticle aggregation, since in this case

Brownian motion is the dominant aggregation mechanism. The

sintering/restructuring rate is expressed in terms of the law

reported in Eq. 3 that after the application of the quadrature

approximation becomes

_Aa ¼ �gðAa � Aa;minÞ; (28)

where g¼ 100 s�1 is a numerical constant, and Aa,min is the sur-
face area of a sphere of volume Va. As far as breakage is con-
cerned, since usually this phenomenon is not very important
for particles of small size, only a simple constant kernel was
used (bab ¼ b0 ¼ 100 s�1). For the daughter-distribution func-
tion symmetric breakage was considered (see Eq. 8). As initial
conditions, a monodisperse population of particles with initial
number density of m00(0) ¼ 104 m�3 was used. The evolution
of the particulate system was calculated for a simulation time
that guaranteed significant changes in the distribution, and
resulted in a final intensity or extent of aggregation equal to
around 0.99, where this quantity is defined as follows

IaggðtÞ ¼ 1� m00ðtÞ
m00ð0Þ : (29)

This final value for the extent of aggregation was chosen
because it is often used as benchmark for testing different
methods. Of course comparisons could be carried out for lon-
ger times since both DQMOM and MCM can handle it,
resulting in smaller values of Iagg. In Monte Carlo simula-
tions this can be done by doubling the number of particles
when a limiting lower value is reached (see Eqs. 25 and 26).
However, this comparison leads to very similar results, in
fact, after a certain extent, aggregation generates a self-simi-
lar normalized distribution, not affecting anymore the quality
of the final predictions. For this reason it is also very useful
to report the results obtained in dimensionless form. For
example, normalizing the moments with respect to their ini-
tial values, and making the time dimensionless by normaliza-
tion with respect to the initial characteristic aggregation time
tc ¼ [4a0m00(0)]

�1, it is possible to show that results from
test cases with different kinetic parameters in dimensionless
form collapse into one single curve. DQMOM simulations
result in this case in the solution of a system of ordinary-dif-
ferential equations, that can be handled with a stiff numerical
solver, whereas Monte Carlo simulations were carried out
using 10 subvolumes of volume 10�1m3, each of them con-
taining 104 particles, and the probability of escaping from a
subvolume to another was set to zero, so that all the particles
evolve within the initial reservoir, and the system is homoge-
neous. The situation corresponds to averaging ten different
realizations of the process, each one with 104 particles. The
restructuring process was simulated outside the Monte Carlo
algorithm, by updating the whole particle population (that is,
the values of internal coordinates for each particle) at every
time-step (Dt ¼ 0.0001s), according to the restructuring rate.

The other case investigated is the extension of the previous
case to an inhomogeneous system with spatial gradients,
where particle diffusion only (that is, without particle con-
vection) was considered (G ¼ 0.13 m2/s) in a one-dimen-
sional (1-D) domain of size 0 < x < L ¼ 1 m. The kinetic
parameters were the same as in the previous case, and two
different initial conditions were tested. At first the value of
the internal coordinates was held constant throughout the
whole domain, while the particle concentration was set to
different values in each half of the domain, equal to 1.6 �
105 m�3 and to 8 � 104 m�3. Second, the total particle-num-
ber density was set equal to 8 � 104 m�3 in the whole do-
main, and two monodisperse population of particles were ini-
tialized in the two halves of the domain. In the second half
(x > 0.5L) the initial volume and surface area were double
than in the first half (x � 0.5L). DQMOM leads in this case
to the solution of a set of partial-differential equations that
can be easily solved by finite-difference discretization. As far
as Monte Carlo simulations are concerned, a 1-D domain is
built using the possibility to set different probabilities of
escaping from one reservoir to another. For instance, a purely
diffusive problem can be set up by fixing equal to 0.5 the
probability of moving to reservoir j þ 1, and that of moving
to reservoir j � 1, for a particle escaping from reservoir j,
while all the other probabilities are set equal to 0. Of course,
probabilities of escaping from reservoir 1 to reservoir 2, and
from reservoir N � 1 to reservoir N are both equal to 1. The
frequency of escape from one reservoir to another is deter-
mined by the reciprocal of the residence time in each reser-
voir, which is proportional to the diffusion coefficient.
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Eventually a real 2-D system is investigated. DQMOM is
implemented in the commercial CFD code Fluent 6.2 to
study soot nanoparticles formation and evolution in a turbu-
lent flame. The test case chosen is the ethylene-air turbulent
flame (A) studied by Kent and Honnery,46 for which some
experimental data on temperature and soot volume fraction
are available. In this flame a round turbulent jet of ethylene
is burned in still air at atmospheric pressure; the fuel is
injected through a nozzle with diameter equal to 3 mm at
322 K with a jet velocity equal to 52 m/s. In this case, the
standard k-e model can be used as turbulence model whereas
the turbulence-chemistry interaction can be described under
the hypothesis of instantaneous chemical equilibrium and
assuming a b-distribution for the composition probability-
density function (PDF). Soot particles are usually in the sub-
microrange, and they follow the fluid streamlines so that sin-
gle-phase assumption can be made.

Nucleation and growth rates of soot particles are expressed
as a function of acetylene concentration; this key compound
along with other 18 radical and molecular species was
included in the equilibrium computation. Soot particles
undergo Brownian aggregation and therefore the kernel
assumes the functional form reported in Eq. 27 where a0 ¼
2kBT/3m, and where kB is the Boltzmann constant, T is the
absolute temperature, and m is the fluid viscosity. Often a
correction expressed in terms of the Knudsen number (that
is, the ratio between the mean-free-path of gas molecules
and the particle radius) is applied as explained by Fuchs.47

Restructuring is described using Eq. 3, and the restructuring
rate is assumed to be proportional to the shear rate inside
one turbulent eddy g ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

u=15e
p

, where u is the kinematic
viscosity, and e is the turbulent-dissipation rate.

Simulations were carried out with a 2-D conformal grid
with 10,500 rectangular cells, whereas DQMOM transport
equations were implemented in Fluent by using user-defined
subroutines. Details concerning the kinetics expressions used
to simulate this process can be found in our previous work.2

Results and discussion

Let us consider the case of aggregation of solid nanoparticles
in which both volume and area are additive in the aggregation
event with simultaneous restructuring/sintering. If two nodes (N
¼ 2) are used then six moments are needed to generate the lin-
ear system. The first five pure moments (that is, m00, m10, m01,
m20, m02) are always included, as they represent important
physical meanings (particle-number density, mean and variance
of internal coordinates), leaving to the sixth moment the only
available degree of freedom. As said before, this moment can-
not be m11, because this gives rise to a singular matrix. All the
other choices of integer mixed moments of global order (k þ l)
up to five have been investigated.

For order lower than two the choice of the set of moments
is not particularly crucial, since most of the tested combina-
tions resulted in very good agreement with Monte Carlo sim-
ulations (that is, errors smaller than 5 %), but of course the
situation is rather different for higher-order moments.

This can be clearly seen in Figure 2, where the prediction
for a moment of global order two is analyzed with the first
five moments fixed (m00, m10, m01, m20, m02), and with the
sixth moment equal to a moment of global order three, four
or five. As it is seen, notwithstanding the choice of the sixth

moments the agreement with DQMOM and Monte Carlo
simulations is always excellent. As it has been anticipated,
for higher-order moments the situation is very different, and
results for a mixed moment of global order four are shown
in Figure 3. It is clear that DQMOM predicts accurately the
evolution of the particulate system if the moment (or a
moment of the same global order) is included in the set of
tracked moments, as it is seen in Figure 3b. If a higher-order
moment is instead included (Figure 3c) m31 is overpredicted,
whereas if a smaller order moment is included m31 is under-
predicted (see Figure 3a).

In Figure 4 the relative errors affecting the predictions of
the integer-mixed moments of order up to five at Iagg ¼ 0.99
are plotted for some representative choices of the sixth
moment. As it has been already reported moments of order
up to two are affected by an error smaller than 5%, while
moments of higher-global order are affected by higher errors.
It is important to highlight here that moments of global order
less than or equal to two are the tracked moments, or in
other words are directly calculated in DQMOM, whereas
higher-order moments are extrapolated. In general, the accu-
racy of DQMOM with N ¼ 2 in tracking low-order moments
is acceptable although higher accuracy is possible if three
nodes are used. Therefore, if it is necessary to predict with
very high-accuracy moments of order higher than two, a for-
mulation with three nodes should be used.

When three nodes are employed for the quadrature approx-
imation, one needs to choose nine mixed moments. Since we
are mainly interested in the moments up to order two, track-
ing all the integer mixed moments of order up to two (that
is, the first six integer mixed moments, m00, m10, m01, m20,
m11, m02) is a reasonable choice. In this way, one needs to
choose three more moments among the ones of order equal
to or larger than three.

In Figure 5 the relative errors affecting the predictions of
the integer-mixed moments of global order up to five at Iagg
¼ 0.99 are plotted for a fixed choice of the first six moments
(that is, m00, m10, m01, m20, m11, m02), and for four different

Figure 2. Predictions of m02 by DQMOM with N 5 2
with different choices for the sixth moment,
given the first five (m00, m10, m01, m20, m02),
vs. dimensionless time r.

Lines: DQMOM; symbols: Monte Carlo.
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terns of moments. Comparison of Figures 4 and 5 shows that
the use of three nodes leads to a significant improvement, in
fact relative errors on predicted moments are reduced by
almost one-order of magnitude. However, also with three

nodes errors on higher-order moments can still be high,
unless a moment of the same order is included in the set of
moments used to derive the linear system. It is, therefore,
possible to conclude that the number of nodes of the quadra-
ture approximation, and the moments to be included in the
set of tracked moments must be carefully chosen. As a gen-
eral rule, one should always include in the set of tracked
moments the higher-order moment that must be accurately
predicted.

In order to analyze the importance of the discretization
error (that is, the number of nodes) with respect to the
round-off error, the results obtained with two or three nodes
with double precision were compared to those obtained with
single precision. The results have shown that the effect of
the discretization error is dominant. For example, using, m00,
m10, m01, m20, m02, m30 for the simulation with two nodes,
and m00, m10, m01, m20, m02, m30, m21, m12 for the simulation

Figure 3. Predictions of m31 by DQMOM with N 5 2
with different choices for the sixth moment
among the moments of global order three
(a), global order four (b), and global order
five (c), given the first five integer pure
moments (m00, m10, m01, m20, m02).

Lines: DQMOM; symbols: Monte Carlo.

Figure 4. Relative errors for DQMOM with N ¼ 2 on the
predictions of the integer moments (ab-
scissa) at Iagg 5 0.99 with different choices
for the sixth moment (see legend), given the
first five (m00, m10, m01, m20, m02).

Figure 5. Relative errors for DQMOM with N 5 3 on the
predictions of the integer moments (ab-
scissa) at Iagg 5 0.99 with different choices
for the last three moments (see legend),
given the first six integer mixed moments
(m00, m10, m01, m20, m11, m02).
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with three nodes, the relative error with respect to the Monte
Carlo result at the end of the computation is 0.98% for N ¼
3 with double precision, and is increased to 1.6% for N ¼ 3
with single precision, to 8.35% for N ¼ 2 with double preci-
sion, and to 10.6% for N ¼ 2 with single precision.

The analysis of the sum of relative errors for N ¼ 2 on
moments up to the fifth order, whose behavior is shown in
Figure 6 as a function of the selected sixth moment, eviden-
ces that the global error is minimized if the set of six
moments necessary with two nodes is completed with a
moment of order four. Of course, this result is significant
only if the goodness of the prediction is evaluated on average
on all the mixed integer moments up to the fifth order; it is
worth to remind that the choice of the moments to be tracked
should always be driven by the selection of the most impor-
tant moments for the application under investigation. Also in
this case, the use of three nodes improves the accuracy of
the prediction, and should be considered if the knowledge of
higher-order moments is needed, even if, as observed,
DQMOM with two nodes performs quite well in this case.

Although for nanoparticles usually breakage is not very
important, some comparisons were carried out by using a
constant breakage kernel (ba ¼ 102 s�1), because in this case
the competition between aggregation and breakup results in a
steady-state solution, and DQMOM can be tested to correctly
predict it. As for the previous case the prediction for low-
order moments is excellent. Nevertheless, simulations
showed that the steady-state value of higher-order moments
is strongly affected by the choice of the sixth moment to be
tracked, and that in some cases using two nodes it is not pos-
sible to rely on the prediction of the tracked higher-order
moments. For the computation of the relative error, the as-
ymptotic value reached by the Monte Carlo simulation was
calculated by averaging the values for 800 � y � 2000. As
before, for N ¼ 2 the error is acceptable for moments of
global order equal or less than two, whereas is generally

very large, and not acceptable for moments of order four and
five.

Also in this case, a significant improvement can be
obtained using the formulation with three nodes. For exam-
ple, results for a moment of global order equal to three
obtained with all the possible terns of moments of order
three, four or five, are reported in Figure 7. In the graph, the
grey band includes all the curves obtained using a tern of
moments of order three, four, or five to complete the set of
nine mixed moments. In this case, the prediction of m30 is
quite good if any tern of moments of order three are used,
while using higher-order moments results in an overestima-
tion of the same moment, as expected. However, if moments
of higher global order are considered (results not reported
here), the predictions are worse, as expected, but the best
choice is not anymore the use of terns of moments of the
same global order.

Particularly interesting is the extension to a spatial 1-D
system. This particular case is very important in order to
investigate the role of the correction terms that arise from
the finite-mode representation of the distribution and diffu-
sion. The conclusions drawn for this test case can moreover
be extended to 2-D and 3-D problems, since the nature of
the numerical issue remains the same, changing only the way
in which the gradients appearing in the correction term (see
Eq. 15) are calculated. In order to assess the ability of the
Monte Carlo code and of DQMOM to correctly describe par-
ticle diffusion, the two methods were tested in a simple case
with diffusion only. The concentration of particles was set
constant along all the 1-D domain, and the internal coordi-
nates in one half of the domain were set double than those in
the other half. A representation of the domain is depicted in
Figure 8. As it is seen in Figure 9, a perfect agreement
between Monte Carlo and DQMOM with two nodes (with

Figure 6. Sum of the relative errors on moments of
order up to five, with different choices for
the sixth moment, fixed the first five integer
pure moments.

The horizontal lines indicate the average value among cho-
sen moments of the same order.

Figure 7. Predictions of m30 by DQMOM with N 5 3, with
different choices for the last three moments
among moments of global order three, global
order four, and global order five, given the first
six (m00, m10, m01, m20, m11, m02).

Thin lines: DQMOM; thick line: Monte Carlo.
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the following choice of the moments: m00, m10, m01, m20,
m02, m30) was found for the prediction of the time evolution
of mean-particle volume. The ten lines refer to evenly spaced
spatial position along the spatial dimension of the domain
(that is, to the ten subvolumes of the Monte Carlo method),
therefore, we can conclude that both Monte Carlo sim-
ulations and DQMOM accurately describe purely diffusive
processes.

For the first initial condition tested (internal coordinates
constant throughout the whole domain with gradient in parti-
cle concentration) the comparison of relative errors between
DQMOM and Monte Carlo simulation in the case of two
nodes (m00, m10, m01, m20, m02, m30), and three nodes (m00,
m10, m01, m20, m02, m21, m12, m30, m03), for the overall mixed
moments up to order five is reported in Figure 10. In this
figure predictions for a population of particles undergoing
aggregation and diffusion until Iagg reaches 0.99 are reported.
As expected, the accuracy that can be obtained by using a
higher-order quadrature approximation tracking a larger num-
ber of moments is usually significantly higher; however, the
predictions of DQMOM with three nodes are in some cases
worse than the ones obtained with two nodes. Figure 10 con-
firms as well that the error on the prediction grows as the
order of the mixed moment is increased. Errors are accepta-
ble for moments of global order equal to or less than three,

whereas generally they are not negligible for moments of
global order equal to or higher than four. As usual, the rela-
tive error is larger for moments with higher partial order
with respect to particle volume, but this is related to the par-
ticular case under investigation. The behavior of the
DQMOM with two nodes seems to be less regular from this
point of view.

In Figure 10, the importance of the correction for the spu-
rious terms is also highlighted by the comparison of relative
errors, which are always significantly higher for the simula-
tions in which the correction terms have been neglected. It is
worth to note that, even if in this case the population of par-
ticles was initially monodisperse, node gradients arise due to
the different collision rates in the two compartments of the
domain, and to the simultaneous diffusion.

For the second initial conditions (uniform particle concen-
tration throughout computational domain and different initial
values of internal coordinates) the time evolution of axial
profiles of mean-particle volume (m10/m00), and surface area
(m01/m00), as computed by the Monte Carlo algorithm and
the DQMOM with three nodes (N ¼ 3, moments tracked:
m00, m10, m01, m20, m02, m21, m12, m30, m03), is depicted in
Figure 11, showing a good agreement between the two meth-
ods. These quantities are not affected by the spurious terms,
as they depend on moments of global order lower than two.

The axial profiles of two higher-order mixed moments
(m02 and m31) are reported in Figure 12 for some evenly
spaced temporal locations, both with and without the correc-
tion for the spurious terms. The figure shows that, when the
correction is not applied, the mixed moments are usually
underestimated. The importance of the correction is more
marked for higher-order moments, but already for moments
of order two the effect is significant, especially in the central
part of the domain, where the gradients are higher. There-
fore, the correction terms should be always taken into
account in the simulation when more detailed information on
the bivariate number-density function is needed, while they
can be neglected with no additional error when the only im-

Figure 8. 1-D system employed for simulations with
aggregation and diffusion.

The symbols (�) identify the subvolumes of the Monte
Carlo method.

Figure 9. Comparison between Monte Carlo (gray lines)
and DQMOM with N 5 2 (black lines) for the
prediction of time evolution of particle vol-
ume in the case of diffusion only.

Figure 10. Relative errors on the predictions of the
overall integer moments (abscissa) at Iagg 5
0.99.

Comparison between the formulations of DQMOM with
two (m00, m10, m01, m20, m02, m30), and three nodes (m00,
m10, m01, m20, m02, m21, m12, m30, m03), with and without
the correction for the spurious terms.
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portant information is the evolution of the mean value of the
internal coordinates.

Eventually a real 2-D application is investigated: simula-
tion of nucleation, growth, aggregation and restructuring of
soot nanoparticles in a turbulent flame. First the mathemati-
cal model has been validated through comparison against ex-
perimental data found in literature46 for temperature (not
shown here), and soot volume fractions. In Figure 13 radial
profiles of soot volume fractions predicted by the bivariate
DQMOM implemented in the CFD code at several axial
positions are reported. As it is seen agreement is satisfactory,
showing that the turbulence model, as well as the turbulence-
chemistry interaction approach and the kinetic expressions
are describing rather accurately the process. Calculations car-
ried out assuming that soot particles have no effect on the
flow field (that is, frozen flow field), and considering the
effect of soot particles on the radiative heat transfer (that is,
updated flow field), resulted in very similar predictions,
showing that the two-way coupling between flame and soot
particles is in this case negligible.

In Figure 14 contour plots of flame temperature, mean-par-
ticle volume (m10/m00) and mean-particle surface area (m01/

m00) are reported. As it is possible to see, as soon as fuel
and air mix together combustion takes place resulting in very
high-temperature values. This is also the acetylene rich
region, where most of the nucleation occurs. Nucleated par-
ticles then continuously change their size because of molecu-
lar growth, and simultaneously undergo Brownian aggrega-
tion and restructuring. The importance of using the bivariate
population-balance equation can be inferred by comparing
the particle volume and surface area profiles reported in Fig-
ure 14. In fact, only a bivariate formulation is capable to pre-
dict the independent evolution of these two quantities, as in
the last part of the flame, where particle volume still
increases, whereas particle surface area decreases.

This application is also very interesting to estimate typical
computational times for the simulation of a standard prob-
lem. CPU times of the full CFD model on a dual processor
Xeon (3.00 GHz) are of about an hour for the flow, turbu-
lence and temperature field and of the same order of magni-
tude for the solution of the population-balance equation. It is
noteworthy to point out here that the addition of the popula-
tion-balance equation with DQMOM did not change the
order of magnitude of the CPU time required, making it pos-
sible for the simultaneous solution of the flow field and the
population-balance equation (that is, solution of problems
with two-way coupling).

Figure 11. Axial profiles of mean particle volume and
surface area.

Comparison between Monte Carlo (symbols), and
DQMOM with N ¼ 3 (solid lines).

Figure 12. Axial profiles of mixed moments.

Comparison between Monte Carlo (symbols) and
DQMOM with N ¼ 3 (solid lines) with and without the
correction for the spurious terms.
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Conclusions

The study of the cases considered in this work provides a
validation of DQMOM for simulating formation and evolu-
tion of nanoparticles undergoing Brownian aggregation and

sintering/restructuring, and it suggests some criteria for the
appropriate selection of moments to be tracked to generate
the linear system that defines the source terms for the
weights and abscissas. In particular, the comparison with
results of Monte Carlo simulations has shown that the choice
of the tracked moments can affect significantly the accuracy
and the numerical stability of the method. The choice of
lower-order moments benefits the conditioning of the prob-
lem, but it is important to include in the set of the tracked
moments those of main interest, or at least moments of the
same global order. The use of a higher number of nodes
improves the performance of the method, but numerical diffi-
culties can arise as the rank of the linear system is increased.
With this respect a solution that deserves to be investigated
in our future work is the use of fractional moments, that can
help in reducing the condition number of the linear system,
thus improving both accuracy and stability. The study of the
1-D diffusion system has evidenced the importance of taking
into account the correction for the spurious terms in order to
avoid significant errors in the prediction of higher-order
moments. Eventually the 2-D application presented clearly
showed that DQMOM can be easily implemented in CFD
codes, resulting in affordable CPU times for the solution of
complex problems.
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Figure 14. From left to right: temperature, mean particle volume, and mean particle surface area predicted by the
bivariate population balance model for the flame under investigation.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 13. Comparison between experimental data and
model predictions of radial profiles of soot
volume fraction.

The radial coordinate is normalized with respect to the
nozzle radius R ¼ 1.5 mm; Experimental data: (^) axial
position x ¼ 138 mm; (l) axial position x ¼ 241.5 mm;
(n) axial position x ¼ 345 mm. Continuous line: model
predictions with updated flow field. Dashed line: model
predictions with frozen flow field neglecting the two-way
coupling due to soot radiative heat transfer.
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